We investigate gravitational lensing and particle motions around non-asymptotically flat black hole spacetime in non-linear, ghost-free massive gravity theory, called de Rham-Gabadadze-Tolley (dRGT) massive gravity. Deflection angle formulae are derived in terms of perihelion parameter. The deflection angle can be positive, zero or even negative with various perihelion distance. The negative angle reveals repulsive behaviour of gravity from a linear term γ in the dRGT black hole solution. We also find an analytically approximated formula of deflection angle in two regimes: large and small γ term regimes which are shown to be consistent with direct numerical integration. Null and timelike geodesic motions on equatorial plane are explored. Particle trajectories around the dRGT black hole are plotted and discussed in details.
I. INTRODUCTION
Despite general relativity (GR) has successfully described many gravitational phenomena, however it fails to explain an accelerated expansion of the Universe [1, 2] . This indicates that either the Universe is filled up with mysterious dark energy or some modification is needed for GR. A number of modified gravity models have been proposed to resolve an unexplained accelerated expansion. Many modified gravity theories demand a new degree of freedom e.g. a scalar field in the Horndeski theories [3] [4] [5] , a massive vector field in generalised Proca theories [6, 7] and a massive graviton field in de RhamGabadadze-Tolley (dRGT) massive gravity theory [8, 9] .
In dRGT massive gravity, massive graviton generates an effective cosmological constant [10, 11] , however, the model has a severe problem. Cosmological solutions are unstable for the Friedmann-Lemaître-Robertson-Walker (FLRW) background [12] .
Nevertheless, phenomenology of the dRGT massive gravity model is still interesting. Black hole (BH), black string (BS) and recently, rotating black string solutions of the dRGT model are discovered and investigated in [13] [14] [15] . In the presence of the massive graviton, the dRGT BH and BS solutions are modified from the conventional general relativity solution. Namely, the graviton mass contributes as a cosmological constant-like term, a linear term, and a global monopole term. Similar terms also arise in the minimal theory of massive gravity [16] and Bergshoeff, Hohm and Townsend (BHT) massive gravity [17] . This makes dRGT solutions very interesting. Many investigations using these dRGT solutions have * Electronic address: sirachakp-at-gmail.com † Electronic address: supakchai.p-at-gmail.com ‡ Electronic address: l˙tannukij-at-hotmail.com been done, for example, fitting rotation curves of galaxies [18] in the presence of massive graviton instead of dark matter, stabilities and greybody factor on charged black holes and black strings [19] [20] [21] [22] .
Einstein's general relativity predicts a deflection of light traveling around massive body. A distribution of matter e.g. galaxies or supermassive black hole, can behave as a lens which distorts the light from a distant source to an observer. This effect is known as gravitational lensing phenomenon. It was first identified observationally as a double quasar system in 1979 [23] . Since then, it has become one of the important research topics in gravitational physics. Gravitational lensing around black holes and compact objects have been studied in many scenarios such as Schwarzschild black hole [24] , BHs with the presence of cosmological constant [25, 26] , naked singularity and horizonless ultra-compact object [27, 28] .
Even though, many attempts have been done to investigate the effect of gravitational lensing in different massive gravity models [29] [30] [31] but none has been done for the dRGT massive gravity. Therefore, in this paper, we will study deflection angle of light from the dRGT BH solution, and analyse geodesics trajectory around the BH for both null and timelike particles. This paper is organised as follows. In section II we state about the basic equations and derive a photon sphere equation and deflection angle of light from a general static spherically symmetric background. In section III, we introduce the dRGT charged black hole. We find analytically approximated deflection angle formula for two regimes: large and small γ term. We compare the formula with our direct numerical integration method. Gravitational lensing of supermassive black hole and galaxies modeled by the dRGT BH solution is also investigate in this section. Null and timelike geodesics are explored via analysing an effective potential in section IV. Lastly, section V is devoted for our conclusions.
In this paper, we work in the unit such that c = 1 unless otherwise stated.
II. BASIC EQUATIONS
In this section, we shall derive generic equations for a photon sphere and deflection angle. A general static spherically symmetric spacetime is given by the following line element
We first study a photon trajectory in this generic spacetime by considering null geodesic equations. Without loss of generality, we focus on equatorial motion of photon, i.e. θ = π/2. Null geodesic is then described by
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whereṙ ≡ dr/dσ, prime denotes derivative with respect to r, and σ is an affine parameter. Remark that θ component is trivially satisfied. The constants of motion are E and L. In addition, the line-element of photon implies that g µνẋ µẋν = 0. This can be shown explicitly as
Firstly, we shall consider a photon sphere. The photon sphere is defined to be a spherical region around a black hole where gravity is strong enough to force photon traveling in a circle. Therefore at the photon radius we define r = r ps ,r =ṙ = 0. For generic spherically symmetric spacetime, the Eqs. (2.3) and (2.5) yield a photon sphere equation
Note that, this equation must be evaluated at the photon sphere radius. The light bending angle or deflection angle can also be determined from the geodesic equation. To see this, one need to express r as a function of ϕ. It is also convenient to define new radial coordinate u ≡ 1/r. Therefore Eq. (2.5) implies the following
where we have defined impact parameter as b 2 ≡ L 2 /E 2 . By integrating this equation, we obtain the following
The factor of 2 arises from symmetry of distances between a source-lens (D LS ) and an observer-lens (D L ), where we assume D LS = D L throughout this work. This integral is then determined from an inverse distance of the observer-lens (u L = 1/D L ) to an inverse distance of the perihelion (u 0 = 1/r 0 ). Note that if the observer is at infinity, then u L → 0, and the bending angle becomes very large when u 0 → u ps , where u ps = 1/r ps , which is an inverse photon sphere radius. In addition, from Eq. (2.7), the impact parameter b can be defined in another way as
It is obvious that b ≃ r 0 in weak gravity limit.
III. DEFLECTION ANGLE OF LIGHT
A static spherically symmetric charged black hole in dRGT massive gravity is defined by [13] 
where
Mass and electric charge of the black hole are denoted by M and Q, respectively. The constant Λ, γ and ζ effectively emerge from the graviton mass which is the unique character of the dRGT black hole solution, i.e.
where C arises from a fiducial metric, m g is the graviton mass, and α, β are non-linear coupling strengths of selfinteraction. Due to the presence of r 2 and linear r, an asymptotic structure changes correspondingly with the signs of Λ and γ. However, we shall only consider in the case where both Λ and γ are positive in this work.
In comparison with the general metric Eq. (2.1), hence we obtain
Thus the photon sphere equation, Eq. (2.6), becomes
This equation correctly yields r ps = 3GM in the Schwarzschild metric limit (i.e. Q = 0, Λ = γ = ζ = 0). It can be seen that the photon sphere equation does not depend on the cosmological constant. The radius of photon sphere is then determined from the roots of this equation. Since this is cubic equation, it is possible to obtain three real roots. We shall choose only the one where r h < r ps < r c where r h and r c refer to the event horizon and the cosmological horizon of a black hole. In addition, we analyse root structure of Eq. 
(3.8)
We assume that the distances between the source-lens and the observer-lens are equal, i.e.
Since the source and the observer in practice are not at infinity, the limits of integration must be from u L to u 0 , which are an inverse distance of the observer-lens (u L = 1/D L ) and an inverse distance of perihelion (u 0 = 1/r 0 ), respectively. Using the fact that at perihelion du/dφ = 0, then we can rewrite Eq. (3.8) as
The cosmological constant and the impact parameter are absorbed in terms of the perihelion distance, u 0 . In the absence of massive graviton, i.e. γ = ζ = 0, the u 2 term becomes dominant at large distance (hence small u). However, when γ and ζ are non-vanishing, there is a possibility that the γ term will dominate at some distance. Hence, we shall derive analytic formula of the deflection angle in two possible regimes: a small γ term regime and a large γ term regime. To clarify the terminology, here a small γ regime refers to the case where the linear term in u is less than the u 2 term. A large γ regime, on the other hand, represents the case where u 2 term is comparatively smaller than the linear γ term.
It is worth mentioning that the above integral is a total angle that light passes by from the source to the observer in non-asymptotically flat spacetime, thus the bending angle or deflection angle is actually given bŷ
which can be obtained from geometrical analysis (see Refs. [25, 26, 32] ). In an asymptotically flat spacetime, the term ϕ 0 − ϕ s = −π as in conventional GR.
A. Large γ term regime
If the γu term dominates, while other terms are smaller than the u 2 term (we also assume ζ ≪ 1), we can rewrite Eq. (3.9) as
whereũ ≡ u/u 0 . Thus, the analytic solution can be approximated by using the binomial expansion aŝ
In the last step, we have used
Since it is more convenient to investigate the deflection angle in terms of distances r 0 rather than the inverse distances u 0 . The numerical solution for deflection angle Eq. (3.10) and the analytic solution Eq. (3.14) as a function of r 0 are compared in Fig. 1 . The perihelion r 0 ranges from the photon sphere radius r ps to the lens-observer distance
, and ζ = 0. It is clear that they agree with great accuracy. The deviation between these two methods seems to occur only as r 0 → r ps because it does not satisfy the large γ term approximation.
We explore the deflection angle for various values of γ numerically in Fig. 2 . We basically plot Eq. (3.10) as a function of r 0 , where we set ζ = 0, and r 0 (max) = 2D L /3, D L = 3r c /4. As can be seen from these plots, the deflection angles diverge as r 0 → r ps , and then decrease as r 0 increases. From these figures, the light bending angle can be either positive, zero and negative. The positive angle shows standard attractive effect of Einstein's gravity. Surprisingly, we observe that deflection angle becomes negative for certain value of r 0 . This can be interpreted as repulsive effect of gravity which is one of the unique characters of the dRGT massive gravity. It should be remarked that, negative deflection angle is also found in the BHT massive gravity [31] and in modified gravity theories with exotic matter and energy [33] [34] [35] [36] .
B. Small γ term regime
With u 2 term dominates, Eq. (3.9) can be rewritten as
We then apply the binomial expansion and integrate the above equation directly. Hence, the deflection angle in small γ regime is given bŷ
In the limit where graviton becomes massless m g → 0, i.e. Λ = γ = ζ = 0, and assumes that BH possesses no electric charge, Eq. (3.16) reduces tô
with D L → ∞ (the observer is at significantly large distant from the lens). We can use the fact that b ≃ r 0 in weak gravity limit or small deflection angle of light. This is the conventional deflection angle in GR.
The deflection angle of lights in a small γ term regime are shown in Fig. 3 . In this figure, we illustrate the difference between the deflection angles of light in dRGT massive gravity and those of GR. We use observational data as displayed in Table I . The spacetime background quantities are chosen to be Q = 0, Λ = 1.11 × 10 −52 m −2 (dark energy observations [37] ), ζ = 0, and γ = 10 −28 m −1 . This choice of parameters is motivated from the previous study where rotation curves of galaxies is explained by the presence of massive graviton instead of cold dark matter [18] . Therefore in these plots, only visible mass in the galaxies will be taken into account which contributes approximately 10% of the total mass of the galaxies. Remark that, we are now considering the dimensionful deflection angle formula, the speed of light c is no longer unity.
In Fig. 3 , supermassive black hole at the centre of the Milky Way galaxy (Top), Andromeda galaxy (Middle) and Virgo A galaxy (Bottom) are modeled by spherically symmetric solution in dRGT massive gravity [13] . The deflection angle by the SMBH reveals that there is no difference between dRGT massive gravity and GR. This is not unexpected since the γ term does not dominate at this scale 8 kpc. This can be understood more explicitly by considering Eq. (3.16). It is obvious that the BH mass term yields attractive force, while the other terms provide repulsive force because of the negative signs. Since Q = ζ = 0, therefore, the distinct feature of dRGT or repulsive behaviour arises from the linear γ term merely.
We assume that a galaxy is a point mass which can be described by the dRGT spherically symmetric solution. The difference between the dRGT massive gravity and GR arises when the perihelion r 0 is greater than 200 kpc and 100 kpc for Andromeda and Virgo A galaxies respectively. This is because the γ term is relatively large at such scale, thus deflection angle decreases faster than the GR case. Our further investigation suggests that deflection angle becomes negative at the larger distance i.e. (approximately) 700 kpc and 400 kpc for the Andromeda galaxy and the Virgo A galaxy, respectively.
In Table II , we show the validity of our formula in the small γ regime. At the large distance, the γ term is relatively larger than the cosmological constant term. Nevertheless, these two terms are still smaller than the unity. This confirms the validity of Eq. (3.16). Finally, we compare the deflection angle between the analytic solution of Eq. (3.16) and the numerical solution of Eq. (3.10) for the Virgo A galaxy in Fig. 4 . The result shows that they are consistent with high accuracy. 
IV. NULL AND TIMELIKE GEODESICS
In the previous sections, we have investigated the deflection angle of photon around the dRGT spherically symmetric charged black hole. In this section, rather than considering only a null geodesic, we develop a generic formula of geodesics on the background of the dRGT spherically symmetric charged black hole which includes null and timelike trajectories (for a massive particle). Without loss of generality, we consider null and timelike trajectories on a plane θ = π/2 given by the following equation, responding geodesic equations can be immediately read out from the Eqs. (2.2)-(2.4) as follows,
The r−geodesic in Eq. (4.3) can be simplified using Eqs. (4.1), (4.2) and (4.4) as follows,
Note that, the solution to this equation is a function of the affine parameter σ. To determine the shape of the trajectory, it is more convenient to express r as a function of ϕ. To this end, we use the relation,
dϕ on the r−geodesic in Eq. (4.5). Eventually, the r−geodesic in terms of ϕ can be expressed as
In order to solve this second-order differential equation, we need two initial conditions, namely, r(0) and
dϕ . When r(0) is specified, dr(0) dϕ can be found using Eq. (4.1). However, r(0) cannot be chosen arbitrarily. To determine r(0), it is useful to firstly gain some knowledge about the behaviour of null and timelike trajectories through an effective potential analysis.
From Eq. (4.1), we can rewrite the equation into the following form,ṙ
Using the explicit form of f in Eq. (3.2), we can rewrite Eq. (4.7) into an "energy conservation" form aṡ
From Eq. (4.8), it is obvious that the allowed initial condition for r must be chosen such that V ef f (r) ≤ E tot . Moreover, considering Eq. (4.9), we can see how the γ term contributes to each kind of the trajectories. For null geodesic, i.e. e = 0, the γ term contributes to the effective potential with 1/r factor, suggesting that the corresponding force is repulsive. On the other hand, a massive particle, where e = −1, experiences not only the repulsive 1/r part but is also affected by the linear term, +γr, which contributes to the effective potential as an attractive force. Furthermore, for both photon and massive particle, the repulsive behaviour gets stronger as the angular momentum L increases. This repulsive force is clearly evident in Fig. 5 for the photon case where the corresponding deflection angle is negative.
There are various types of trajectories for both null and timelike cases. Each types of trajectory is determined by the initial value of r(0) which associates to the location of the maximum of V ef f . Let's suppose that maximum of V ef f is at r max . For null case, trajectories of photon can be classified into three types. The first type is a bounded orbit which happens at r(0) < r max . This is displayed in the lower left panel of Fig. 5 . In this case, the photon travels through the outer horizon into the inner horizon. Once it reaches the inner horizon, the photon is reflected outwards by a repulsive singularity of the charged black hole. When it is outside, the photon is pulled toward the outer horizon again. Each time the photon completes the orbit, the orbit precesses around the black hole. The second type is an attractive fly-by trajectory. This occurs when r(0) > r max and E tot must be large enough. An example of this trajectory can be found in the lower centre panel of Fig. 5 which corresponds to the dotteddashed red line in the V ef f plot. In this case, the black hole behaves as a convex lens to the photon, or the deflection angle is positive. The third type is a repulsive fly-by trajectory. This happens when r(0) > r max and E tot is relatively small. In this case, the black hole behaves as a concave lens and the photon is repelled away as shown in the lower right panel of Fig. 5 .
The situation is quite different for timelike trajectory. As shown in the upper panel in Fig. 6 , the corresponding effective potential is distinct from the null case. This can be seen through Eq. (4.9). For the timelike case (e = −1), there is a scale where +γr dominates, resulting in increasing of effective potential as r increases. It should be remarked that, at the scale where Λr 2 dominates, the potential begins to decrease but such a scale is not shown in the potential profile in Fig. 6 .
Given that E tot is smaller than the local maximum of V ef f , as indicated by the dashed blue line in the upper panel of Fig. 6 , there are two possible timelike orbits. In similar to the null case, when r(0) < r max , massive particle travels in a bounded orbit with precession once it completes its orbit. In the case where r(0) > r max , then the massive particle takes a larger orbit around the black hole as shown in the lower centre panel in Fig. 6 . The particle is bounded by gravitational potential outside the black hole. We also observe the precession of its orbit. This bounded orbit outside the black hole's outer horizon occurs because there is a potential well at r > r max which corresponds with the non-vanishing e in Eq. (4.9).
Lastly, if the corresponding E tot is larger than the local maximum, the resulting trajectory of the particle is somehow a mixture of both the small and the large bounded orbits mentioned earlier. The mixing bounded orbit is illustrated in the lower-right panel of Fig. 6 . In particular, the particle travels inward and outward through the outer horizon when it gets close to the black hole and orbits with larger radial coordinate when it is far from the black hole. At very large r, the contribution from the angular momentum L is very small according to Eq. (4.9). Thus, the trajectory of a massive particle is essentially a straight line. Note that, it is possible for timelike particle to have a deflected fly-by trajectory when r is large and L is non-negligible.
V. CONCLUSIONS
In this work, we have investigated the gravitational lensing phenomenon and particle motions around a black hole in the presence of massive graviton. We particularly focus on the dRGT massive gravity. In dRGT massive gravity, the black hole solutions differ from conventional black holes in GR, namely, there are a cosmological constant-like term, a linear γ term, and a global monopole term which originate from the massive graviton. We find deflection angle formula of light analytically, where the formula is divided into two classes: large and small γ term. Our formulae suggest that deflection angles in dRGT massive gravity can either be positive, zero and negative. The negative deflection angle is interpreted as gravity works repulsively. Both analytic formulae are confirmed by direct numerical integration. For the small γ regime, we have applied our formula to calculate gravitational lensing effect on the SMBH of the Milky Way, Andromeda galaxy, and Virgo A galaxy. The results re- veal that the deflection angle with massive graviton is smaller than that with massless graviton case at large distances because of the linear γ term. The linear γ term yields repulsive behaviour of gravity such that at large distances the deflection angle can be negative. This behaviour is confirmed in both regimes.
Another aspect of this work is to explore how a particle moves in the dRGT massive gravity. Therefore, we study the null and timelike geodesics around the dRGT black hole. In both cases, geodesic equations are numerically solved and trajectories of particle are displayed. From our investigation, there are three possible trajectories for photon, i.e. bounded orbit, attractive fly-by and repulsive fly-by. For the bounded orbit, photon is trapped by gravitational potential of the black hole. The photon travels through the outer horizon and get bounced back at the inner horizon. Both types of fly-by trajectories occur at large distance from the black hole. We find that if the distance is considerably far from the black hole, dRGT black hole acts as a concave lens where light ray is diverged rather than focused. This agrees with the repulsive behaviour of gravity that we obtain from our deflection angle formulae.
For the case of a massive particle, we investigate bounded trajectories. The bounded orbits can be classified into three categories, i.e. small, large and mixed orbits. For the small bounded orbit, the particle travels too close to the black hole and get trapped by gravitational pull of the black hole. The similar motion is also found for a larger orbit. There also exists a mixing bounded orbit where the particle orbits around the black hole in both small and large orbits.
To extend this work further, one can consider the following effects on dRGT black hole, black hole shadow, Einstein ring and Shapiro time delay. On the other hand, since this work focuses purely on static spherically symmetric black hole solution, it is interesting to investigate the similar local gravity phenomena, i.e. gravitational lensing, in the context of cylindrically symmetric or axially symmetric setup. Here in this section, we explore parameter space of a charged dRGT black hole. Despite the solution Eq. (3.2) can be expressed in either positive or negative cosmological constant, we shall only consider in the case where Λ is positive in this work. With this choice, the spacetime metric Eq. (3.2) becomes a modified ReissnerNordström de-Sitter spacetime. Generally speaking, the metric function Eq. (3.2) has four real roots. However, only a positive root will be considered as a horizon. A quick investigation [19] reveals that there are several possible scenarios e.g. three positive roots r − < r h < r c , two positive roots r − = r h < r c or r − < r h = r c (extremal case) and one positive root. Remark that, the Cauchy, event and cosmological horizons are denoted by r − , r h and r c , respectively. It should be noted that for the remaining part of this article, we shall set ζ = 0 and G = 1 unless otherwise stated. Now, we shall explore roots structure of charged dRGT black holes Eq. (3.2) in more details. We generalise the analysis done for parameter space of Reissner-Nordström de-Sitter black hole in [42] . The analysis of black hole's horizon structure (with strictly positive Λ) can be done by considering the following arguments. First let's define a new polynomial function, its first and second derivatives
where "prime" is derivative with respect to r. Equating the last equation to zero yields
These are the extremum point of H ′ . We shall consider only R + since it is always positive. Since H ′′ (0) = 2 and H ′′ (R + ) = 0, hence H ′ is increasing in the interval r ∈ [0, R + ) and has local maximum at R + . Then H ′ is decreasing in the interval r ∈ (R + , ∞). Assuming
Therefore H is decreasing on r ∈ [0, ∞). In this case, H has only one positive root since
Since Λ > 0, we expect Eq. (3.2) to have two (extremal case) or three positive roots. These can be obtained by considering the condition H ′ (R + ) > 0, which is equivalent to
We know that lim r→±∞ H ′ (r) = ∓∞, H ′ (0) < 0 and H ′ has a positive local maximum at R + . Therefore H ′ must has two positive roots and one negative root. Now we define two positive roots of H ′ as h 1 , h 2 such that 0 < h 1 < R + < h 2 . Hence over the interval r ∈ [0, ∞), we now have
Three positive roots of Eq. (3.2) shall be denoted by r 1 < r 2 < r 3 . Finally since H(0) = Q 2 > 0, the root structure of Eq. (3.2) can be classified according to H(h 1 ) and H(h 2 ) as follows
• For H(h 1 ) > 0, there is only one positive root at r 1 > h 2 .
• For H(h 1 ) = 0, there are two positive roots at r 1 = r 2 = h 1 and r 3 > h 2 . This is an extremal case where black hole's Cauchy horizon and event horizon exist at the same location.
• For H(h 1 ) < 0, there are three possible scenarios.
-If H(h 2 ) < 0, H has only one root at r 1 < h 1 < h 2 .
-If H(h 2 ) = 0, H has two roots at r 1 < h 1 and r 2 = r 3 = h 2 . This is another extremal case where black hole's event horizon and cosmic horizon coincide.
-If H(h 2 ) > 0, H has three positive roots at r 1 < h 1 < r 2 < h 2 < r 3 . This is the case where Eq. (3.2) possesses Cauchy horizon, event horizon and cosmological horizon.
We therefore conclude that the conditions necessary for three horizons case are
In Fig. 7 (Top), an example of parameter space for black holes with three horizons are displayed. These parameter spaces are plotted such that conditions in Eq. (A8) are simultaneously satisfied. Each plots, the black hole mass M is set to be unity and cosmological constant is fixed to be 0.1, 0.5 and 0.9. The allowed region becomes smaller as Λ increases. For each fixed Λ, the lower bound of γ is governed by the condition H ′ (R + ) > 0 (or equivalently Eq. (A5)). From these plots, three horizons black holes with negative γ only exist in small Λ regime. It should be emphasised that the allowed region can be extended further to a larger γ. In addition, example plots of H which has three positive real roots are shown in Fig. 7 (bottom). These three roots can be associated with black hole's inner, outer and cosmic horizons. We use colour to distinguish the difference in the value of Λ.
Another interesting aspect of this analysis is an extremal case where the Cauchy horizon coincides with the event horizon. The necessary conditions for this scenario are the following: H ′ (R + ) > 0 and H(h 1 ) = 0. For fixed Λ, the first condition gives the constraint on γ (recall that this is equivalent with Eq. (A5)). Moreover, the second condition equates γ and Q when Λ is fixed. For this reason, the phase space of extremal black hole is a line rather than a region and this is illustrated in Fig. 8 . First of all, negative-γ-extremal solution is possible for small cosmological constant. As Λ increases, the lower bound of γ also increases. We also observe the general trend that as γ increases the black hole charge must decrease. From numerical investigation, we find that as γ increases the lowest possible value of Q approaches some constant. Moreover, three example plots of H which has two positive real roots are displayed in Fig. 8 (bottom) . Let's emphasise that, there is another possibility of extremal case where r h = r c . However, we choose to omit this scenario since it lies beyond the scope of this paper. For the sake of completeness, we display an example plot of phase space for a black hole with one horizon. Regarding to our analysis, there are three possible conditions for one positive root. We pick one condition for demonstration purpose that is H ′ (R + ) > 0 and H(h 1 ) > 0. In Fig. 9 , we show the phase space of such black holes (top) and behaviours of H (bottom). We observe that the area of the phase space decreases as cosmological constant Λ increases. For a given γ, there exists some lower bound of Q for which the solution exists. In addition when γ increases, the minimum value of Q becomes lower. One final remark is, the other two conditions give a large region of parameter space where black hole has one horizon with γ < 0. 
